We study the surface conductivity of a field-effect transistor (FET) made of periodic array of spherical semiconductor nanocrystals (NCs). We show that electrons introduced to NCs by the gate voltage occupy one or two layers of the array. Computer simulations and analytical theory are used to study the array screening and corresponding evolution of electron concentrations of the first and second layers with growing gate voltage. When first layer NCs have two electrons per NC the quantization energy gap between its 1S and 1P levels induces occupation of 1S levels of second layer NCs. Only at a larger gate voltage electrons start leaving 1S levels of second layer NCs and filling 1P levels of first layer NCs. By substantially larger gate voltage, all the electrons vacate the second layer and move to 1P levels of first layer NCs. As a result of this nontrivial evolution of the two layers concentrations, the surface conductivity of FET non-monotonically depends on the gate voltage. The same evolution of electron concentrations leads to non-monotonous behaviour of the differential capacitance.
I. INTRODUCTION
In the recent years, there has been growing interest in investigation of the semiconductor nanocrystals (NCs) due to their size-tunable optical and electronic properties [1] [2] [3] [4] [5] . Like in bulk semiconductors, adding charged carriers is critical for NC solids, which would otherwise be electrically insulating. There are a few theoretical works on the conductivity of impurity doped arrays of NCs 6-9 . However, due to intrinsic difficulties of doping of NCs by impurity atoms 10 , so far there are only a limited number of experimental works with successful bulk doping [11] [12] [13] . On the other hand, introducing carriers via field-effect is a more successful approach 11, [14] [15] [16] [17] [18] . The whole recent discussion of record band-like mobilities of NC arrays is centered around recent field-effect data 15, [19] [20] [21] [22] . Meanwhile, there is no theory of conductivity of fieldeffect transistor (FET) based on NC array beyond those which are based on mean field theories 15, 23 . DebyeHückel-like estimates (see below) show that electrons introduced to a NC array by the gate voltage occupy one or two layers of the array closest to the gate (see Fig. 1 ). Below we suggest a more detailed, non-mean-field theory of the array screening which allows for discreteness of layers in the array, discreteness of NC charge and large quantization gap between 1S and 1P levels of a NC. It results in non-trivial evolution of electron concentrations and low temperature conductivities of the first and second layers with growing gate voltage.
Let us define average numbers of electrons per NC in the first and the second layers (filling factors) as ν 1 and ν 2 respectively, and introduce the dimensionless total surface density (total filling factor) ν = ν 1 + ν 2 . With growing gate voltage or, in other words, growing ν, at first, electrons occupy 1S levels of first layer NCs, so that ν 1 = ν. When ν 1 = ν = 2 (1S levels are totally filled) the 1S − 1P gap induces occupation of 1S levels of second layer NCs (see Fig. 2a ). As a result, the first layer conductivity σ 1 vanishes while the second layer conduc- tivity σ 2 starts to grow with ν (see Fig. 2b ). At a larger ν = ν m new electrons together with electrons returning back from 1S levels of second layer NCs start filling 1P levels of first layer NCs. Conductivity of the first layer σ 1 increases, and conductivity of the second layer σ 2 decreases and eventually vanishes. At larger ν = ν r all the electrons of the second layer return to the first one, so that ν 2 = 0 and ν 1 = ν at ν > ν r . As a result of this nontrivial interplay of the electron concentrations of the first two layers, the total surface conductivity σ nonmonotonically depends on the gate voltage (see Fig. 2b ). Physics of non-monotonious redistribution of the electron concentration between the first and the second layers can be qualitatively explained, as a result of an evolution of the effective screening radius of the array with the density of states at the Fermi level. For ν < 2, the Fermi level is in 1S levels of first layer NCs . The density of states at the Fermi level is large and the screening radius is smaller than D. V. The ratio, ∆ of the 1S − 1P gap energy to the charging energy e 2 /κD is equal to 6, D = 1.2D. a) The dependence of average numbers of electrons per NC in the first and second layers ν1 and ν2 on the dimensionless surface density of electrons ν = ν1 +ν2. The dashed line ν1 = ν is plotted for clarity. νm and νr are critical points, where ν1(ν), ν2(ν) change their behaviour abruptly. b) The surface hopping conductivity of FET based on NC array, σ, as a function of ν. Here σ1, σ2 are conductivities of the first and second layers.
small characteristic density of states and larger screening radius, so that electrons start populating 1S levels of second layer NCs instead of 1P levels of first layer NCs. As a result, electrostatic energy for the first layer goes down with the gate voltage. One can say that with growing gate voltage the 1S − 1P gap creates a "capacitor" made by the negative charge of second layer of electrons and the positive charge of missing electrons of the first layer. The potential of this capacitor grows with ν until at a critical point, ν = ν m , it exceeds the 1S − 1P gap, so that 1P levels of first layer NCs arrive at the Fermi level. At ν > ν m , ν 1 resumes to grow and the density of states grows with it. As a result, the effective screening radius decreases and some of second layer electrons return back to the first layer. At larger critical point, ν = ν r , all the electrons of the second layer return to the first one, so that ν 2 = 0 and ν 1 = ν at ν > ν r .
Peculiar behavior of FET conductivity happens when the number of carriers per NC ν is close to three. It is difficult to achieve such carrier concentration using standard insulator. But high-κ dielectric like HfO 2 can help to achieve this goal. Recent progress in electrolyte-gated transistors 24, 25 has made this goal possible by using large polyions, which do not penetrate inside NC array, but create large gating charge close to NC surface. One can imagine also conventional ionic liquid gating of an array with the gaps between NCs sealed.
The remainder of this paper is organized as follows. In Sec. II we define the FET model to be studied and we describe parameters of a NC and FET based on an array of NCs. Sec. III describes our numerical calculation of electron concentrations of the first and the second layers and surface hopping conductivity of FET. Results are presented in Sec. IV, along with an explanation of relation between electron concentration in the first and the second layers and the conductivity of the FET. This explanation is based on the analytical study of a toy model, where disorder is very small. In the Sec. V we use the same toy model to calculate ν 1 (ν) and ν 2 (ν) and critical concentrations ν m and ν r analytically. Finally, in Sec. VI we discuss the manifestation of the peculiar distribution of electrons between layers in the capacitance of the FET.
II. MODEL OF A FET BASED ON A NC ARRAY
In order to calculate the distribution of electrons between layers of a NC array and transport properties of FET, we first introduce parameters that characterize an isolated NC. We assume that a NC is a sphere of diameter D. We suppose that the electron wave function is close to zero at the NC surface, due to large confining potential barriers created by the insulator matrix surrounding the NC. Under these conditions the kinetic energy E Q (n) of the nth electron added to the NC in the parabolic band approximation is :
As a result, the first two electrons added to the NC fill its 1S level, the next six ones fill its 1P level, and so on. The kinetic energy of electrons is only a part of the total energy of the NC. One should add to it the total Coulomb energy of electrons and their interactions. In general, calculating the total Coulomb energy (selfenergy) of the system is a difficult problem. For our case, however, a significant simplification is available because the internal dielectric constant κ N C typically is much larger than the external dielectric constant κ of the insulator in which the NC is embedded. Specifically, the large internal dielectric constant κ N C implies that any internal charge q is essentially completely compensated by the NC dielectric response, which leads to homogeneous redistribution of the majority of the charge, q(κ N C − κ)/κ N C , over the NC surface. In this way a semiconductor NC can be considered as a metallic one in terms of its Coulomb interactions; namely, total Coulomb energy (self energy) is equal to q 2 /κD. The gap δE = E Q (3) − E Q (2) between 1S and 1P levels of a NC and the energy necessary for adding one electron to a neutral NC:
, which we call charging energy, are the two most important energies of our theory. Below we use their ratio
which grows with decreasing NC diameter D. Let us estimate ∆. Consider, for example, CdSe NC with κ N C 9.2 26 and D = 5 nm surrounded by media with κ 3.2 κ N C (see below). Using m 0.12 m e (m e is the electron mass) we have E c 0.08 eV and ∆ 5.7. Now let us discuss characteristics of a weakly n-type doped array of such NCs. We assume that the number of donors per NC is much smaller than unity, but larger than the concentration of surface states or acceptors so that the Fermi level in the bulk of array is at 1S levels of NCs. We consider the case that NCs form a three dimensional cubic lattice structure with lattice constant D (see Fig. 1 ). Usually each NC is coated by a thin layer of insulating ligands that maintain a separation D − D between NCs. We consider the case of finite array of N = L × L × L z NCs, where integer L, L, L z are dimensions of the system along x, y, z axises in units of D , respectively. x and y axises are parallel to the gate.
It should be noted that the effective dielectric constant κ of the NC array is not simply equal to the dielectric constant κ i of the insulator in which the NCs are embedded, but also includes the effect of polarization of NCs in response to an applied field. This polarization effectively decreases both the Coulomb self-energy of a single NC and the interaction between neighboring NCs. Generally speaking, the renormalization of the dielectric constant is not very strong, so that κ is not very different from κ i even when κ N C κ i . The canonical Maxwell-Garnett formula gives the approximate relation 27, 28 :
where
is the volume fraction occupied by the NCs; for f < 0.4, this expression is accurate to within 8% 29 . As an example, for the case of a cubic lattice with D = 5 nm and D = 6 nm (so that f = 0.3), κ N C 9.2 and k i = 2, the Maxwell-Garnett formula gives then κ 3.2 κ N C . In the array of NCs, an electron can tunnel between NCs through insulating ligands. The hopping overlap integral of electron states of neighboring NCs t depends on the distance between nearest neighbor NCs as For a NC array with nonzero D − D this means that every NC i has an integer number of electrons n i , and we can use Eqs. (1), (2), (4) to calculate the kinetic energy and the Coulomb self-energy of NCs. Thus, the Hamiltonian of the system can be written as
The first term of Hamiltonian is the Coulomb self-energy of i-th NC. The second term describes the total quantum energy of its n i electrons. The third term provides simplified description of disorder with the help of a random shift energy of all levels of i-th NC. We assume that W i is distributed uniformly between −W and W . The fourth term is responsible for the Coulomb interaction between different NCs. The summation is over all NCs i and j except i = j. The last term is the potential energy of electrons in the field of the gate 2πνe/κD 2 . Here, ν is the dimensionless total surface density of electrons ν = i n i /L 2 = k ν k , while ν k is the number of electrons per NC in the k-th layer.
The ground state for a particular system is defined by the set of electron occupation numbers {n i } that minimizes the Hamiltonian H. Once one knows occupation numbers {n i } in the ground state one can determine ν k and conductivity.
When the gate field induces electrons, most of them occupy only the first or the second layer of a NC array that are close to the gate (see Fig. 1 
where d is the distance between first layer NCs and the gate (see Fig. 1 ). Below we study ν 1,2 (ν), σ 1,2 (ν), σ(ν) as a function of ν = ν 1 +ν 2 . In experiments these quantities are studied as a function of V . One can see that if
According to the above Debye-Hückel approach, ν 1 (ν) and ν 2 (ν) monotonically increase with ν. We show below that actually in a NC array ν 1 and ν 2 do not change monotonically. This leads to a peculiar nonmonotonic change of surface conductivity of induced electrons (see Figs. 2 and 4) .
III. COMPUTER SIMULATION
In this section we describe our computational method for calculating ν 1 , ν 2 , σ of a NC array at a given value of ν, T and D. A reader interested in the result only, can go to the next section. These calculations are based on a computer simulation of a finite array of L × L × L z NCs, with periodic boundary condition along parallel to the gate x and y axises. We use the procedure outlined in Refs. 6, 32. First, we specify the total number of electrons in our system M and ν = M/L 2 . The initial values of the electron numbers {n 0 i } are then assigned randomly in such a way that i n 0 i = M . The simulation then assigns a random energy shift W i at each NC i. The program then searches for the ground state by looping over all NC pairs ij and attempting to move one electron from NC i to j. If the move lowers the Hamiltonian H, then it is accepted, otherwise it is rejected. In this way we arrive to a pseudogrond state, which describes a NC array at low temperatures 6 . As soon as this state is found one can calculate the conductivity of the system σ.
In order to compute σ one can determine the highest filled electron level, ε (f ) i , and the lowest empty electron level, ε (e) i , at each NC i at a given electron distribution
and
In the results presented below we define electron energies ε relative to the Fermi level µ, which is calculated for each realization of the simulation as µ = [min{ε
i }]/2. In this way ε < 0 corresponds to filled electron states ε (f ) while ε > 0 corresponds to empty states ε (e) . Once the pseudo-ground state energies {ε (f ) i } and {ε (e) j } are determined, we calculate the hopping conductivity of the system by mapping the simulated NC array to an effective Miller-Abrahams resistor network. To calculate conductance σ ij between NCs i, j we consider only electron transfer among the highest filled states, ε (f ) , and the lowest empty states, ε (e) . This is appropriate when the temperature is small enough that k B T e 2 /κD, so that thermal excitation of multielectron transitions is exponentially unlikely.
Since each NC has two energy levels that can participate in conduction, ε (f ) and ε (e) , one can say that there are four parallel conduction processes that contribute to the conductance between two NCs i and j: one for each combination of the initial energy level at site i (either ε 
where σ 0 is a prefactor that have a weak dependence on temperature and following Ref. 31 :
These four conductances can be said to be connected in parallel between NCs i and j, and the condactance between two NC i and j is the sum of these σ ij conductances. If one knows conductance between any two NC, one can determine σ by using Kirchhoff law. First, we assign a voltage V 0 x/L to every NC with coordinate x, y, z in the array. We use Gauss-Seidel method to find relaxed voltage distribution in steady state. Specifically, the program loops through all NCs and determines the voltage on the NC so that current that flows into NC is equal to the current that flow from NC, namely, we find voltage V j on every NC j from condition :
Aiming at relatively high T , we keep only NCs i, which are nearest neighbors (NN) of NC j. The voltages V (x = 0) = 0, V (x = L) = V 0 are fixed. After each iteration, we calculate current through the system I.
We stop the iterating process when current starts changing by less than 0.1%. After that one can calculate the surface (2D) conductivity of the system which, of course, doesn't depend on L z .
The number of electrons on the first layer ν 1 and the second layer ν 2 in the pseudoground state and the conductivity of FET σ are averaged over 10 different realizations of random sets of the electron numbers {n 0 ik }. In order to study the size dependence of these parameters, we vary L from 10 to 50 and keep L z = 5. All results below are obtained by extrapolation to L = ∞ . For example, one can see on Fig. 3 an extrapolation of ν 2 at ν = 2.5.
IV. RESULTS AND DISCUSSION
All the numerical results for the electron distribution and the conductivity are obtained for ∆ = 6, W = 0.5E c and D = 1.2D. In Fig. 4a we show results of the numerical simulation for ν 1 (ν), ν 2 (ν) at ν < 6 in the ground state (T = 0). Dependencies of ν 1 (ν) and ν 2 (ν) are different in four ranges of ν. In the first range, ν ≤ 2, all electrons settle in the first layer, ν 1 = ν and ν 2 = 0. For 2 ≤ ν ≤ ν m , first layer NCs have exactly 2 electrons ν 1 = 2, while ν 2 increases linearly with ν until it reaches a maximum at ν = ν m . In the range ν m ≤ ν ≤ ν r , while ν 1 increases and ν 2 decreases with ν and vanishes at ν = ν r . In the last range ν > ν r , again ν 1 = ν and ν 2 = 0.
In Fig. 4b we show numerical results for σ(ν) for T = 0.2E c /k B . As mentioned above E c for CdSe NC with D = 5 nm is close to 80 meV, so that T = 0.2E c /k B 190 K. We see that conductivity σ(ν) has a deep minimum at ν = 2, smaller minima at ν = 1, 4, 5, 6 and a weaker minimum at ν 3.2. There is also a large peak of conductivity at ν 2.9. It is 55% higher than peaks at ν = 0.5 and 1.5
In order to explain the origin of this peculiar behaviour of σ(ν), below we study an analytically tractable toy model, where disorder is very small, W k B T E c , (but large enough to provide electron localization). We find analytical dependencies ν 1 (ν), ν 2 (ν) in the Sec. V . They are shown in Fig. 2a for ∆ = 6. One can see that two figures Fig. 2a and Fig. 4a are similar to each other. For smaller ∆ both critical points ν m , ν r tend to 2 so that the plateau of ν 1 (ν) curve shrinks and vanishes at ∆ = 2.5. This is in qualitative agreement to what happens with Fig. 4a for numerical modeling of more realistic disordered model.
Below we concentrate on the behavior of σ(ν) . In our toy model, all conductances between two NN NCs i and j, σ ij , within a given layer are identical. Therefore, there are identical constant gradient of electro-chemical potential along both the first and the second layers and there are no interlayer currents between NN NCs of the two layers. As a result, the conductivity of FET σ is the sum of conductivities of two independent layers of a NC array σ 1 and σ 2 . At the same time, each of conductivities σ 1 , σ 2 is equal to the conductance between NN NCs of the corresponding layer.
Let us consider, for example, the first layer in the range of filling factors 0 < ν 1 < 1, when each NC is occupied by an electron with probability ν 1 and is empty with probability (1 − ν 1 ). At T E c , probability of an electron hopping to an occupied NN NC is proportional to exp(−E c /T ) 1 and can be ignored. Thus, only hops between an occupied and empty NN NCs contribute to the conductivity. The conductivity is proportional to the number of occupied and the number of empty NCs, i.e. σ 1 (ν 1 ) = σ 0 ν 1 (1 − ν 1 ). For 1 < ν 1 < 2 all NCs contain at least one electron, while some of them contain two electrons. Second electrons hop between NCs with one electron. Repeating the same argument we get σ 1 (ν 1 ) = σ 0 (ν 1 − 1)(2 − ν 1 ) for 1 < ν 1 < 2. We can use similar expressions for the conductivity of the first layer at ν 1 > 2. We can also write similar expressions for σ 2 (ν 2 ). Using functions ν 1 (ν) and ν 2 (ν) calculated in the next section and shown for ∆ = 6 on Fig. 2a , we arrive to a layer conductivity dependencies σ 1 (ν 1 (ν)), σ 2 (ν 2 (ν)), which are shown on Fig. 2b . Combining both σ 1 , σ 2 we get the total conductivity of FET:
which is plotted in Fig. 2b as well. This result reflects non-trivial redistribution of electrons between layers. Minima at ν = 1, 2, 5, 6 correspond to occupation of the first layer NCs with equal integer number of electrons. Indeed, when 0 < ν < 2, the conductivity is determined by the first layer. In the range of 2 < ν < ν m all first layer NCs contain two electrons, while the second layer hosts the rest ν − 2 electrons per NC. As a result the first layer does not contribute to the conductivity and only the second layer conducts. In the next range ν m < ν < ν r both the first layer and the second layers conduct. For larger ν > ν r the second layer is empty and does not conduct. As a result, the total conductivity peaks in the range of gate voltage where ν m < ν < ν r . Now we can return to the discussion of shown in Fig.  4b conductivity on ν for more realistic model with disorder. Just as in the toy model in the range ν < 2 and ν > ν r only the first layer contribute to the conductivity. Minima at ν = 1, 2, 4, 5, 6 correspond to occupation of the first layer NCs with equal integer number of electrons. Because the activation energy at ν = 2 is larger than activation energy at other points, the minimum at ν = 2 is deeper than at other points. In the range ν m < ν < ν r both the first and the second layers of a NC array contain electrons and both conduct. This leads to the peak in the conductivity of the FET.
V. TOY MODEL THEORY OF SCREENING
In order to understand our numerical results let us evaluate analytically ν 1 and ν 2 using Hamiltonian H for the case without disorder, i.e., W = 0. We start from the condition at which all the electrons occupy the first layer. In order to do this, we consider the case when all first layer NCs (except one NC A) contain integer number of electrons ν 1 = n i1 = ν (i = A), one NC A has one additional electron n A1 = ν + 1 electrons, all second layer NCs do not contain electrons at all, namely, n i2 = ν 2 = 0. The energy of such an electron configuration "1", H 1 , can be calculated using Hamiltonian (5) . We can compare the energy of this electron configuration with the energy of configuration "2", H 2 , in which the electron moves from the first layer NC A to any second layer NC. The energy difference E 21 = H 2 − H 1 between two electron configurations "1" and "2" can be readily derived:
(12) The first two terms E 21 (ν) in the bracket [· · · ] describe effects of the Coulomb interaction of moved electron. The first one is the energy change of the moved electron in the electric field of the gate. The second one describes difference in the Coulomb interaction of the moved electron with the rest of the electron system. In electron configuration "1" this energy is
where the summation is over all i, j except i = j = 0. In the electron configuration "2" this energy is
The third term describes a change of the self energy. In the electron configuration "1" the self energy is equal to (ν + 1) 2 e 2 /κD and in the electron configuration "2" the self-energy is equal to (ν 2 + 1)e 2 /κD. The last term is related to the loss of quantum energy, because the electron moves from the 1P state of the NC A to the 1S state of the second layer NC. Θ(x) is Heaviside function, one electron on the second layer gives negligible small correction to the ν: δ > 0. We do not take into account this number in other terms, but in the Θ(ν + δ − 2), it determines the value of Heaviside function for ν = 2. In the result, from (12) one can see that ∆ and the charging energy drive an electron to second layer NCs and the electric field is screened by other electrons prevent this.
The E 21 (ν) is derived for an integer number of electrons per NC in the first layer ν = ν 1 , in that case this formula is an exact result. For noninteger ν = ν 1 , one can think about E 21 (ν) as the estimation for the energy difference.
In the range of ν, where E 21 (ν) > 0 all electrons occupy first layer NCs. This happens at ν < 2 or ν > ν r , where:
The dependence ν r on ∆ is shown in Fig. 5 . Small disagreement between the numerical result ν r and the analytical result ν a r can be explained by the creation of electron lattices in the first and the second layers at noninteger ν, that has not been taken into account.
If ν r = 2 all electrons always occupy first layer NCs. This happens if ∆ < ∆ c :
One can see that, if D > 1.95D the electrons redistribute between two layers even at ∆ = 0. For D = 1.2D, (14) gives ∆ c 2.5 in close agreement with numerical result 2.52 ± 0.02 (see Fig. 5 ). If ∆ > ∆ c then there is a range of 2 < ν < ν r , in which electrons coexist in two layers. In the range 2 < ν < ν m , every NC of the first layer contains two electrons, i.e., ν 1 = 2 and in this range ν 2 linearly depends on ν: ν 2 = ν − 2. One can find ν m if one rewrites the energy differences E 12 Eq. (12) for the case when the number of electrons on the second layer is not equal to zero 0 < ν 2 < 1 and ν 1 = 2:
One can see that with increasing ν the interaction between additional electron induced by the gate and the electric field increases (term 2πν). When the gain energy E 12 > 0 induced electrons again settle in the first layer and the linear growth of ν 2 stops. This condition defines boundary ν m
The function ν m is shown in Fig. 5 . Again, small disagreement between the numerical result ν m and the analytical result ν a m can be explained by the creation of electron lattices at noninteger ν, that have not been take into account.
In the range of ν m < ν < ν r electrons return back from second layer NCs to first layer NCs. Energy E 21 (12) depends linearly on ν and because of that the dependence of ν 2 (ν) is linear one. In the result, we show analytical dependencies ν 1 (ν) and ν 2 (ν) on Fig. 2a , and plot conductivity on Fig. 2b with recipe that is described in the previous section.
VI. CAPACITANCE OF A NC BASED FET
The peculiar electron distribution between two layers of a NC array can be tested by measurements of FET differential capacitance C = dQ dV .
Here Q = νSe/D 2 is the net charge induced in a NC array with total surface area S by voltage V . Using Eq. (6) we get C = Sκ 4πd * , where
In the range ν < 2, ν 2 does not change : dν 2 /dν = 0, because of that d * = d and the capacitance is equal to geometrical capacitance C = C g = Sκ/4πd. In the range 2 < ν < ν m , ν 2 increases with ν : dν 2 /dν = 1, because of that d * = d + D and C < C g . In the range ν m < ν < ν r , ν 2 decreases with ν : dν 2 /dν < 0, because of that d * < d and C > C g . One can see from the Fig. 4a that in the range ν m < ν < ν r , for ∆ = 6 and W = 0.5E c dν 2 /dν −0.3 i.e. d * = d − 0.3D . In the range ν > ν r , when all electrons are back from the second layer ν 2 does not change : dν 2 /dν = 0 and d * = d, C = C g .
